This paper develops a slack-based decomposition of profit efficiency based on a directional distance function. It complements Cooper, Pastor, Aparicio and Borras (2011).
Introduction
Chambers, Chung and Färe (1998) profit maximum is at least as large as the profit from any feasible input-output vector.
In the next section, after discussing profit-maximization, we recall the Chambers et al.
(1998) decomposition. Then we introduce our new decomposition of profit efficiency using a slack-based directional technology distance function.
The Main Results
Denote inputs by a column vector x = (x 1 , . . . , x N ) 0 2 R N + and outputs by a column vector
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Luenberger introduced this function as a "shortage function", see e.g., Luenberger (1995) . Let w = (w 1 , . . . , w N ) 2 R N + be a row vector of input prices and p = (p 1 , . . . , p M ) 2 R M + , be a row vector of output prices. The profit function is defined as
This definition implies that
which is the first of our building blocks.
Next, introduce the directional vector
This vector determines the direction in which the input-output vector is projected onto the boundary of T .
It is important to note that the directional vector has a unit of measurement, which makes the scalar and the directional distance function independent of units of measurement.
To recall Chambers et al. (1998) decomposition, we define the directional technology distance function
This function is defined to contract inputs and expand outputs, as in the profit maximization, except that the optimization for it is done along the chosen direction g = (g x , g y ). In particular, note that
where ⇤ is the optimizer in (4), i.e., ! D T (x, y; g). Combining this with the profit inequality yields
or, for (pg y + wg x ) 6 = 0, we have
and adding allocative efficiency to the r.h.s. closes the inequality. This is the Chambers et
Note that if all prices (on the l.h.s. of (6)) are scaled by > 0, the efficiency score does not change, thus we may use US Dollar or Swedish kroner as the unit and the results will be the same.
Following Färe and Grosskopf (2010), the slack-based directional technology distance function, when the direction vector is a unit vector, i.e., g = (1, ..., 1), is
where the optimization is done over (B, ) = ( 1 , ..., N , 1 , ..., M ) = 0. It is worth noting that the g vector here equals one, 4 and so has a unit measure, making 's and 's independent of units of measurement and hence can be added. To clarify the notation further, note that we explicitly write the multiplication by 1 to emphasize that in each instance it is multiplication by unit of measurement corresponding to different input or output.
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Note that if g x = x and g y = y then we have a Russell-type efficiency measure defined on T .
and y m is technically efficient, i.e., (x, y) is on the (Pareto-Koopmans) efficient frontier of the technology set T . Combining ! SBD T (x, y; 1) with the profit inefficiency, yields
Next, for the case when ! SBD T (x, y; 1) > 0 we can multiply and divide the r.h.s. with ! SBD
T (x, y; 1) and divide both sides with (
, provided that the latter is not zero, to get
8(x, y) 2 T and the new decomposition follows from adding an allocative inefficiency term.
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To take a closer look at the results, let us concentrate on the m th term in parentheses in the last formulae, i.e.,
. This term can be seen as: (i) the m th output
and (ii) weights
That is, the parenthesis consists of the share weighted sum (share of the value of the directional vector) of the individual input and output inefficiencies. Note that we have P N +M i=1 S i = 1 and S i = 0. Incidentally, also note that if m = n = for n = 1, ..., N and m = 1, ..., M, then the Chambers et al. decomposition is obtained as a special case.
Note that the l.h.s. of (9) is the ratio of profit differences and the value of the directional vector, hence it is independent of the units of measurement.
